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ABSTRACT

The paper presents fuzzy models of ill-
-defined, nondeterministic systems suitable
for application in feedforward control.

Formal and linguistic approach to fuzzy
model evaluation are distinguished, and seve-
ral forms of static and dynamic fuzzy models
suitable for practical applications are discu-
sed.

Fuzzy feedforward control algorithms for
both approaches are developed, based on the
theory of fuzzy relational equations and theo-

ry of linguistic modelling and approximative
reasoning.

Simple numerical example illustrates the

proposed methods and its effectivness.

This fuzzy approach to modelling of non-
deterministic systems and to feedforward con-
trol is a complementary approach to conventio-
nal, déterministic of stohastic one: It ena-
bles to apply the principles of invariant auto-
matic control to situations where conventional
methods do not give desired quality.

INTRODUCTION

Invariant control may be defined as a
control policy by which the total or partial
independence of controlled system with respect
to disturbances acting upon it has to be achi-
ved. It has been proved that the feedforward
control is much more convinient as the inva-
riant control, then the feedback one, especi-
ally when a high degree of system invariance
to disturbances has to be achived as a control
goal |1].

For the successful application of feed-
forward control the model which describes the
primarily effects of disturbance and manipu-
lated inputs on the system behaviour has to
be known. During last two decades the feed-
forward control have béen studied and applied
in numerous systems on the basis of their de-
terministic models.

But there are many situations in which
our understending of system behaviour is im-
prec¢ise and unadequate. For a great number of
systems, for example varjous industrial pro-
cesses, and especially systems in "soft" sci-
ences, their complexity, limited knowledge,
uncertainty or stohastic environment prevent
us to give unique and reliable formulation of
input-output relationship, and develope pro-
per and accurate deterministic models.Partly
that is a result of the "Principle of incompa-
tibility" introduced by Zadeh [2| which states
that as system becomes more complex,it becomes

increasingly difficult to make statements about

them which are both meaningful and precise.
If we want to apply invariant, feedforward con-
trol also in these cases, first we have to de-
velope adequate models of such nondeterminis-
tic systems.

Distinguishing the spaces of disturbance
input, ZD, manipulated input, 2., and control-
led output, Y, the general model of the sys-
tem can be given as a complex

Y, R}

M= {z,, 2 (1)

M’

where for the dynamic discrete model R is a re-

"lation between the cequence of the contrclled

output, manipulated input and disturbance in-
put defined in adequate discrete time moments.

For the k-th order system R is a relation of
the k+2 order defined on the Cartesian product
ZD X ZM X ¥Yx...xY.
k~times

If the values of the input and output va-
riables are single elements belonging to ZD,ZM
and Y, and R has the property

1, if y, =
¥ 3! R(ZD'ZMlY IRERN2 )= { ’ YkT (2)
262, veY 1 k 0, otherwise
M2

YyreeesYy €Y

M represents the deterministic system,ctherwise
M represents the nondeterministic system 13].

In recent years the use of fuzzy set the-
ory |4 has proved a favorable apprcach to mo-
delling such nondeterministic systems. If the
factor of imprecision and uncertainty appears
in the expression of input and output data,
their values can be defined as fuzzy sets. If
the factor of imprecision and uncertainty is
connected with input-output relationships, R
can be defined as a fuzzy relation. In any one
of these cases model M is called fuzzy model
of nondeterministic system.

The fuzzy set theory also gives the metho-
dology for the developement of the control al-
gorithms and their implementation on computer
control systems |5]|. In the rest of this paper
we will deal with the new methods of fuzzy mo-
delling of nondeterministic systems suitable
for feedforward control and their practical ap-
plication 1in real-time control procedures. But
before the presentation of our ideas and
methods brief survay of basic knowledge necessa-
ry to describe fuzzy models is given.

Let W be an ordinary set, and Maw @ fun-



ction which assigns to each element w in W a
number in the interval 0,1]. The function M
specifies a fuzzy gset A¥ of the set W. Has 1S
called membership function of the fuzzy “set
a% and W universe of discourse.

Let wl,...,w are ordinary sets. The fun-
ction, Hpsar which“assigns to each element
(w ,...,wk) in Cartesian product W, x...xW, . a
nudber inKinterval [0.1] specifies a fuzzi re-
lation R* of the set Wy X..ox Wy

The union (U) and:intersection (N) of
fuzzy sets A* and B* from W are defined as

C* = p* U B* s (W) = max (uy o (W) up (W) (3)
D* = A* (1 B* <=, W) = min (i, , (W) 4 (9)) (4)

(@) of the fuzzy

Max-min (o) and u—comgositionare aSF the fuz

set A* and fuzzy relation R*

B*=R*oA*<=>uB,,(w2)= sup (’“1“(”}1*("’1""2"“;\*(‘”1” (5)
eW :
1 :

CH=R @A*<=>uc*(w2)= inf (uR*(wl,wz)uuA*(wl)) (6)
w.eW
SR |
where
( ) )=t 1 , IF uR*(wl'WZ) S Hpewy)
Hoa (W, Wo) ap (W)=
RETLTZ AL Max (W), IF pp, (W ,w,) > Upelw))

(7)

The Cartesian product of fuzzy sets A%
from Wl and B* from w2 is defined as

C¢ = A* xB* <= Hoa (W) o¥,) = min(uA*(wl),uB*(wz)) (8)

The fuzzy discretisaion |6] is a methed
which make possible the use of fuzzy and non-
fuzzy forms of information. It consists of
cutting up a real space W into a series of non-
disconnected fuzzy sets z;,z*,...,zf such that
the entire space W is covere&:

¥ 3
weW 1<i<1
) Thus every fuzzy and nonfuzzy set which

belongs to space W can be represented by fuzzy
vectors in terms of Zi.

Poligy (w) >0 {9)
i

For example, real value W€ W can be rep-
resented by
(10)

zr=lu, (W) . .. u, (w)]
= ]:Z{o Z*IO

and fuzzy set A*( W by

E~=[sup(min(uz*(w),uA*(w))...sup‘hnin(uz*(w),uA,(w))]
weW 1 weW I (11)

FUZZY MODELS OF NONDETERMINISTIC SYSTEMS

The problem of the fuzzy models evalua-
tion is a part of the theory of fuzzy systems,
and the reasearch on fuzzy systems have deve-
loped in two main directions |7|. The first
one is a formal approach and it consliders fuzzy

systems as a generalization of nondeter-
ministic systems. The second direction is a
linguistic approach in which a fuzzy model is
viewed as a mathematical meaning of the lingu-
istic description of the system behaviour.
Following these directions we apply both ap-
proaches for the evaluation of fuzzy models
suitable for application in feedforward control

Formal approach

Generally the fuzzy model of the system
suitable for feedforward control can be defi-
ned as a complex

M = {zD, Z Y, R*} (12)

MI
where ZD,ZM and Y are real spacies defined in
(1) and"R* 'is a fuzzy relation which describes
the relationship between system input and out-
put variables. !

If in the system description the princip-

le of superposition can be applied, the fuzzy
model (12) can be changed to a form
M = (ZD' ZM' Y, RB, Rﬁ} (13)

where R* and R* are fuzzy relations describing
the relationsh%p betwen the disturbance input
and controlled output and the relationship
between the manipulated input and controlled
output, in both cases with another input equals
to zero,

Static and dynamic fuzzy models can be
distinguished, and the difference is only in
fuzzy relations R*, R* and R*. In static fuzzy
models the fuzzy relagions describe the rela-
tionship between inputs and outputs in steady-
-state conditicns, for example the fuzzy fel?-
tion R*. of the nonlinear system with one dis-
turbance and one manipulated input and one out-
put is R*(z ,zM,y,yss), where index SS means
that the va?ues of ouUtput variable are consi-
dered in steady-state condition. This fuzzy
relation is defined on Cartesian product
25 X%, XY X Y. For practical applications it
is me¥e convinient to use system output incre-
ment, Ay qr @S a system output variable inste-
ad of thé controlled ovtput only, Ygs Also it
is not necessary to considered the values of
the output wvariable in steady state condition.
The developed fuzzy feedforward control algo-
rithms work quite satisfactory if the static
fuzzy model is evaluated using the values of
the output variable some discrete time inter-
val after the inputs are applied. To this in-
terval the system time delays has to be added.
If we may consider that the system is linear,
the fuzzy relations are more simple because the
value of actual output has not to be incorpo-
rate. For example the fuzzy relations R* and
Rﬁ of the system with linear behaviour “with
ohe of each inputs and one output are
RB(ZD, Ayss) and Rﬁ(zM,Ayss).

In dynamic fuzzy models only discrete mo-
dels will be considered, because of the unade-

quancy of fuzzy integration methods. The fuzzy
relation of the k-th order system describes the
relationship between a sequence of controlled
output in discrete time moment nT, (n+1)T,...
++ ¢ (n+k-1)T, manipulated input applied in the
moment ((n+k)T—td ), disturbance input applied .
in the moment ((n +k)T—th) and controlled out-
put or controlled output increment in discre-

te time moment (n+k)T.t.dM and th are delays

of the manipulated input-controlled output and
disturbance input-controlled output paths of
the system. For the sake of simplicity we shall
concentrate on the first order systems, with
one of each inputs and one output. In this case
the fuzzy relations are R*(zD,zM,y,Ay),
RB(deuAy) and R&(ZM,y,Ay).



System variables usually have nominal
operating values. Considering system behaviour
in vincity of these values instead of input
variables, z_ and Zy their increment can be
used, AzD ang AzM.

Using fuzzy relations, the system beha-
viour can be simulated by fuzzy difference
relational equations, for example

* = * * * *
Ayn an a zMn a yn o R (14)
* 3 4 * * *
where Ayn ¢ AY, zf, € ZD{ Zfn € Zyqr yhcy

are appropriate fuzzy sets in the moment nT,
and O is relation-relation composition ope-
rator. We have used max-min composition and
substitute g with o.

There are two main problems in fuzzy mo-
dels evalvation. The first one is problem of
collection of input-output data, and the se-
cond one is the problem of identification of
fuzzy relations from this data.

Two procedures of the collection of in-
put-output data can be distinguished. In the
first proceédure the experience and knowledge
of human operators and/or experts is used.From
their approximative description of process
behaviour, sometimes, like in linguistic app-
roach with linguistic causal statemens, the
set of input-output fuzzy sets are obtained.
This method will be explain in more details
in the next chapter. Then using fuzzy discra-
tisation method the fuzzy vectors are calcu-
lated with equation (11), and the final results
is the set of input-output fuzzy vectors. In
the second procedure the real data, as a re-
sult . of direct observation of system behavi-
cur, are used. One of the reason why the fuzzy
mocdel is constructed from this data and not
the deterministic one is for example the data
are imprecise because of inaccurate and una-
dequate measuring equpment. By the equation
{10} appropriate fuzzy vectors are calculated
and the final results is the same as in the
first procedure: the set of input-output fuzzy
vectors. Because of that the combination of
both approaches can be used.

Now the identification problem can be
stated as follows:
Define the fuzzy matrix R* (or matrices

RB and Rﬁ) that satisfies the fuzzy relatio-

nal equations for input-output fuzzy vectors
obtained in collection procedure. For example
if the set of fuzzy vectors is
((gsi,géi,x;,éyi)} i=1,...,I, the fuzzy rela-

tional equations which have to be satisfied
are

* = * * * * =
ijL EDiogmio!iog,i 1,...,1 (15)

The simplest and ideal situation is when
each of (ESi'Eﬁi'ZI'AYI) satisfies the fuzzy

equation (15). According_ to Sanches |8] the
greatest fuzzy relation R*, such that fuzzy
equations (15) are valid is

N I
R*= {”\((351 o zf oy @ Ay} (16)
=1

In practical situation the assumptation
that each fuzzy equation is satisfied usually
is not valid, and then the methods of the
identification of fuzzy systems |3,9] have to
be used.

The final result of the formal approach

.is the model of nondeterministic system given

in the form of fuzzy relation (or relations).
This fuzzy model is essential part of fuzzy
feedforward control algorithms.

Linguistic approach

In linguistic approach the verbal model
of nondeterministic system has to be developed
first. Generally the verbal model can be de-
fined as a complex !

Mh = (22, Tz, TiyY), RY) (17)

where T(zL), T(zL), T(yL) are sets of linguis-
tic valueg of igguistic variables odeistur-

bance input, Zne manipulated input, Zy and

controlled output, yL, usually called sets of
terms, and RLis a set of causal statemens which
describes linguisticly the dependance of sys-
tem input and output variables.

Like in formal approach the static and dy-
namic verbal models can be distinguished, and
for all specific situations (linear, nonlinear
systems, systems where principle of superposi-
tion holds, systems with nominal values of in-
put variables) adequate verbal models can be
defined. An example of a causal statement of
static verbal model is:

- If zg is "small" and za is "big" and yL is
"medium”, then the output in steady~state con-
dition ygs will be "between big and very big"

or of dynamic verbal model:

- If in the moment nT Zgn is "moderate bellow
nominal value" and Zﬁn is "alt nominal value"

and yﬁ is "at nominal value",then the output
increment Ayﬁ will be "negative small".

The set of causal statements RL can be: ob-
tained by various methods [10], using the know-
ledge of experts who knows the system behaviour.

Symboliclly the causal statement can be
expressed with linguistic implication, for
example

L L L L L
r’: (a , a ra, ) — a (18)
Zpi mi Yy by
L L L
where azDie T(z), azme T@;‘), a;‘ € T(yL) and
1

1 L
aAin T(Aay ).

The statements are connected together with
the word "also". Defining the fuzzy language
[11| to each linguistic value adequate fuzzy
set is assigned.These fuzzy sets give mathema-
tical meaning to linguistic values. The mathe-
matical meaning to the set of causal statements
RL gives the fuzzy relation R*. For statements
expressed with (18) R* can be defined with

R* =falso(f_;,(fand(uaL (zD).uaL (ZM),uaL (y)),uaL (&)
z 2 Y, hy
Di Mi i {19)

' fand and f_.> are operations of fuz-

2y sets which give meaning to the words "also!
"and”, and to the linguistic implication
(conjuction "if...then").



Various operations for f 1sq’ fand and
especially f__ have been propgse . In Tour
work we define fal as a union of fuzzy sets,
f ng s a intersec%?on, and £ _ as a Cartesi-
afl product. The reason for this is because we
apply max-min composition, and it is unresone
able to infer anything at all if antecedent

in linguistic implication is not true. In that
cases another statements gives the answer what
will be as a consequent .

So we can conclude that the final results
of linguistic approach is also the fuzzy rela-
tion (or relations) which contain the informa-
tion of the behaviour of nondeterministic sys-—
tems, and it is (or they are) essential part
of fuzzy feedforward control algorithms, too.

FUZZY FEEDEQRWARD COWNTRAL ALGORITHMS
The fuzzy feedforward control action is

formulated by means of two off-line and on-.
ling procedure. The off~line procedures are:

a) the determination of the control action
sign, and

b) the determination of the control action
delay, and the on-line procedure is

c) the determination of the control action
magnitude.

If the trends of the controlled output
changes are the same for the same trends cof
input variable changes, the control action
sign will be minus, and vice versa.

The values of the control action delay is
determinated as the difference betwen the
delay of the distrurbance input-controlled
output, t. , and the delay of the manipulate
input-con%?olled output, t M’ paths of the
system. The controller wilf act successfully,
as all others feedforward controllers do, only
SR

In the procedure for determination of the
control action magnitude, formal and linguis-
tic approach can be distinguished. Normaly in
each of these approaches the fuzzy relations
obtained with the same approach are used.

Let us start with formal approach, and
suppose for example that the fuzzy matrix,of
dynamic fuzzy model has the form -
5*(AzD,Az +Y,8y). In the time instant nT the
input 1nfgrmation are fuzzy vectors of distur-
bance input Az* and actual output y* obtained
with the equatlgn (10) or (11). The ' control
action magnitude is calculated by one of the
interpretation procedures |6| (for example
mean value method) from ithe fuzzy vector Az}
obtained as a solution of the equation

Ayt o= Azj o Azl o y* o R* (20)
where Ay* corresponds to the real value 0, or
linguistic value "zero".

If the solution exist the least upper
bound Az* of all solutions can be calculated
by the eﬂﬂation 17]:

z = * * *

sz% (Agsn ° Yyt o RN @ by (21)

If the exact solution does not exist
various methods for the calculation of ap-
proximate solution can be used |3,12].

In linguistic approach generalized modus
tollens |7 T and compositional rule of infe-

!

rence [2| are applied. For example for the
fuzzy matrix of the same form as in formal
approach, but.obtained with linguistic
identification procedure, the fuzzy vector of
the manipulated input increment is calculated
with the equation

AzX = syy o Azf o Y: o R* (22)

~—Mn

The real control action magnitud can be
obtained by any one of the interpretation
methods.

The same procedure can be easily extended
to all other forms of fuzzy models.

NUMERICAL EXAMPLE

The presented methods are illustrated
by a simple numerical example.

Fig. 1. illustratesa hot-water heater
that mixes cold water with steam to produce
hot water. The hot water temperature is control-
led output, steam flow manipulated input and
cold water flow disturbance input. The deter-
ministic representation of considered process
is also given,because the process was simu-
lated on analog computer.

Fig.l.a)

The hot-water heater
b) The deterministic represent of the

considered process (time constants

in minutes)

For convenience let us suppose that nomi-
nal operating values of the process variables
are ENFlOA%fﬂN=5,and that instead of determi-
nistic model only the set of cause-effect
numeric data are known:

Sp={(0Qy 8T) }={(-4.5,0.18), (~2.1,0.051),(-0,9,0.015),
(0,0), (1.3,-Q05),(3,-0.14),(5,-0.21)}



Sy ={ (aF, AT) }=( (-4.5,-0.42),(-2,-0.22) ,(-1,-0.15},
(0,0),(0.5,0.1),(3,0.28),(4.7,0,43) }

Each pair can be linguisticly interpretated.

with conditional statement , for example sta-
tement for pair (-4.5,0.18) {is:

"If cold water flow decrease 4.5 units below

nominal value, then the hot water temperature
will increase 0.18 units 0.5 minutes later”.

Defining basic fuzzy sets with Fig.2,
and using equation (10) pairs (AQ,AT) and
(AF,AT) can be transformed in pairs of fuzzy
vectors (AQ*,AT*) and (AF*, AT*).

osiNBY nm Y NS V ze \V ps VY pm \/PB
0 \
) X . . , , " AT
-05 -0.33 -0.167 0  0.167 033 05
, , , , . , . AF
-5 -333 -167 0 167 333 sA0Q

Fig.2., Basic fuzzy sets of fuzzy discreti-
sation with their linguistic labels

On Fig.2. linguistic labels of basic
fuzzy sets are given, too. NB means negative
big, NM-negative medium, N3-negative small,
ZE~-zero, and the same for positive values.

Using either formal or linguistic ap-
proach fuzzy matrices whose form is R*(/Q,AT)
and R*(AF, AT) can be calculated. Although
each pair does not satisfy its appropriate
fuzzy relational equation -
(23)

* = * *
AT* = 5Q* o R}

AT* = AF* o Bﬁ (24)
in this example in formal approach
equation (16) was used for fuzzy matrices
evaluation. In linguistic approach RX and RX
were calculated with equation (19), gefiniig
£ 150 With union,f, 4 with intersection and ¥ |

with Cartesian product of fuzzy sets.

Fuzzy matrices R*¥ and gﬁ obtained with

formal approach are D
56 =10 0 0 0 0 0 0
0 0 0 0 0 0 0.204
0 0 0 0 0.3 1 0.796
0 0 0.695 1 0.162 0.162 0
1 1 0.09 0 0 0 0
0.078 0 0 0 Y 0 0
0 0 0 0 0 0 0
r -
Eﬁ =] 0.52 0 0 0 0 0 0
0.48 1 0 0o 0 0 0
0 0 0.68 0 0 0 0
0 0 0 0.4 O 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0.68 0.42
0 0o o0 0 0 0 o.seJ

and with linguistic approach

*=lo 0 0 0 0 0 0
B 0 ) 0 0 0 0 0.204
0 0 0 0.222 0.3 0.802 0.796
0 0.263 0.695 1 0.7 0.162 00
0.7 0.3 0.3050.09 0 0 0
0.078 0.078 0 0 0 0 0
K 0 0 0 0 0 o
R = [0.56 0.3 0 0 0 0 0o ]
0.48 0.3 0.32 0 0 0 0
0 0.198 0.68 0.4 0 0 0
0 0 0.1 1 0.3 © 0
0 0 0 0.6 0.3 0.32 0
0 0 0 0 0.198 0.68 0.42
Lo 0 0 ] 0 0.18 0.58 |

Fuzzy model can be easily converted into
a linguistic model, in which each statement
has its degree of possibility. Some of the
statements for the formal approach are as
follows:

"possibility that AT is NS if AQ is PB is 0.796"
"possibility that AT is PM if AF is PB is 0.42"

Flg.3. shows the fuzzy feedforward control
loop.

QN
aa I+ Q
.
+ F, + - F| PROCESS
+
aF
L FUZZY
FEEDFORWARD;
CONTROLLER

Fig.3. Fuzzy feedfbrward control locp

Control algorithms were applied on small
microcomputer control system, and process was
simulated on analog computer.

Fuzzy feedforward control actions obtained
with formal and linguistic approaches are
compared in Fig.4. Disturbance input, and
process response without control are given,too.

a)

H b) S5min

—_—

Fig.3.a) Disturbance input; b) Process response without

For Formal! (37and i fgE L feoatpriard oqgfot



In order to compare the fuzzy approach
with conventional approach a linear regres-
sion model is considered. For the same input-
soutput data the regression model present
AT=-0.0403+AQ and AT=0.0953-AF,

Fig.5. shows the process response for conven-
tional and fuzzy feedforward control (formal

approach) for pulse disturbance and saw tooth
disturbance (the same disturbance as in Fig.4a)

1
a) 3
1
/7 2
b) . Smin
I, T
1
T\
c)

Fig.5.Frocess response without control (1),

with conventional feedforward control

(2) and fuzzy feedforward control-for-

mal approach (3) for

a2) Pulse disturbance with amplitude
-2.5 units . .

b) pulse disturbance with amplitude-4
units, and

¢) saw tooth disturbance fram Fig.4.a

From figures it is evident that fuzzy
control with formal approach gives the best
result, and that the result of the fuzzy control
with linguistic approach is comparable,but
little worse then the result of conventional
feedforward control.

At the end it is important to emphasize
that in this example it was possible to eva-
luate deterministic model of the process and
apply conventional control technique, because
the cause-effect data were real, but imprecise.
The real worth of the fuzzy models and fuzzy
feedforward control is in those situations
when it is impossible to define any kind of
deterministic models, for example for many
systems in "soft" sciences.

CONCLUSION

Complex systems are difficult to control,
because of inadequate knowledge of their be-
haviour. However, even a crude knowledge of
the process behaviour is sufficient for the
construction of fuzzy models of systems. On
such a models fuzzy control may be build, so
the principles of automatic control can be ap-
plied to the cases, where conventional control
has not given desired quality.

Achiviement of system invariance to dis-
turbances acting upon it is one of the most
important tasks in automatic control. In that
cases the feedforward control is much more
convinient then the feedback one. With the

.

methods proposed in this paper, the app-
lication of feedforward control may be widened
also to the control problems of complex,
il1-defined, nondeterministic systems, where
only the fuzzy control shaws the succes.

The fuzzy models of systems suitable for
practical application in feedforward control
are developed by formal and linguistic ap~
proach. Identification procedures of fuzzy
models are described and feedforward control
algorithms which use results of simulation of
system behaviour based on such fuzzy models
are presented.

The proposed methods are illustrated by
simulation of the control of simple industrial
process. The comparison with conventional
feedforward control obtained for the same data
is also presented.
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